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An essential description of collective excitations of interacting fermions in one dimension (1D)
is the so-called spin-charge separation. In this theory, spin and charge degrees of freedom dissolve
into two separated Tomonaga-Luttinger liquids (TLLs), in which the interplay between the charge
and spin degrees of freedom disrupts the TLLs. However, a rigorous understanding of the spin-
charge separation and disrupted quantum liquids in 1D remains challenging in both theory and
experiment. In this letter, we present analytical results of spin-charge separation and its disruption
near and far from quantum criticality in 1D spin-1/2 repulsive Fermi gases. We analytically derive
universal properties of the model, such as the thermodynamics of the separated and disrupted TLLs
and scaling functions at quantum criticality, showing the subtle interplay between the spin and
charge degrees of freedom. Moreover, by mapping the spin sector of the repulsive Fermi gas to
an effective Heisenberg spin-1/2 chain, we further study the spin and charge dynamical structure
factors (DSFs). The peaks of the DSFs exhibit opposite propagating velocities of spin and charge,
which can be observed by Bragg spectroscopy with ultrocold atoms [Yang, et. al. Phys. Rev. Lett.
121(10):103001, 2018]. Our method suggests a promising way to control fractional spin excitations,
TLLs and magnetism in ultracold atomic systems with higher symmetries.
Interacting quantum many-body systems with rich in-
ternal degrees of freedom usually pose a formidable chal-
lenge for theoretical study. In particular, understand-
ing how interactions between fermions affects the state
of a quantum liquid at low temperatures has been an
important topic for over fifty years, and many outstand-
ing questions still remain. A wealth of approximate for-
malism has been developed to understand the universal
low-energy physics. These include Landau’s Fermi liq-
uid theory [1, 2], density matrix renormalization group
[3, 4], Green function approach [5], etc. In particular, the
Tomonaga-Luttinger liquid (TLL) theory [6–8] describes
the universal low-energy physics of strongly correlated
systems of spins, bosons and fermions in one dimension
(1D). The TLL usually refers to the collective motion of
bosons that is significantly different from the free fermion
nature of the quasiparticles in the Fermi liquid.
A hallmark of 1D physics is the splitting of low-
lying excitations of interacting fermions into two sep-
arate TTLs, i.e. the separated quasiparticles carry ei-
ther spin or charge. This phenomenon is known as spin-
charge separation. Usually, TTL physics can be directly
obtained from the Bethe ansatz (BA) solutions [9–12],
where the particle-hole excitations have the same energy
for a given momentum. This special feature of the TLL,
however, fails once backward scattering is included or
when the system is strongly disturbed by thermal fluctu-
ations at quantum criticality [13, 14]. Although the real-
izations of 1D cold atom systems [15–23] have confirmed
many predictions from exactly solvable models and re-
cent studies have explored the dynamical deconfinement
of spin and charge on 1D lattices [24–27], an observa-
tion of the unique spin-charge separation still remains a
long-standing challenge in experiments with solid mate-
rials [28–30]. We naturally ask if spin-charge separation,
its criticality, and behaviour beyond the TLL can be ob-
served in ultracold atoms in a well controlled manner.
In this letter, we aim to answer these questions and
report on the universal properties of spin-charge sepa-
rated and disrupted liquids in a repulsive spin-1/2 Fermi
gas. We present analytical results of thermodynamic
and magnetic properties of the system which essentially
mark the spin-charge separated liquids below a lower
critical temperature, the universal scaling behaviour of
free fermion quantum criticality above an upper criti-
cal temperature, and the disrupted quantum liquids in
between. We also show that the spin sector of the re-
pulsive Fermi gas can be mapped to a Heisenberg spin-
1/2 chain in strong interaction limit, a property which
can be exploited to calculate the spin dynamic structure
2FIG. 1. (color online) (a) Contour plot of Wilson Ratio (WR)
in µ˜− H˜ plane for the repulsive Fermi gas at T˜ = 0.005. Here
the dimension less quantities T˜ = T
|c|2
, µ˜ = µ
|c|2
, H˜ = H
|c|2
.
The values of the WR given by Eq. (4) elegantly mark three
quantum phases: mixed phase (MP), full polarized phase
(FP) and vacuum at zero temperature. At low temperatures,
the phase boundaries are indicated by sudden enhancements
of the WR, which match well with the zero temperature phase
boundaries (black dashed lines). The inset shows the WR vs
magnetic field H˜ at µ˜ = 0.3 and T˜ = 0.005, where a sudden
enhancement of the WR is observed.
factor (DSF) and to probe such emergent phenomena as
spin-charge separation and fractional excitations in Fermi
gases.
Yang-Gaudin model — The Hamiltonian of the 1D
δ-function interacting Fermi gas, the so-called Yang-
Gaudin model [31, 32], is given by
H = −
N∑
i=1
∂2
∂x2i
+ 2c
∑
1≤i<j≤N
δ(xi − xj)−HM − µN, (1)
where the total number of particles N and the magneti-
zation M = (N↑ − N↓)/2 are defined by the numbers of
spin-up N↑ and spin-down N↓ fermions, H and µ denote
the external magnetic field and the chemical potential, re-
spectively. All quantities in (S1) are dimensionless where
we have adopted a units system with ~ = 2m = 1, where
m is the mass of the particle. We also define the number
density n = N/L (L being the length of the system).
In this paper we only consider the repulsive interac-
tion with c > 0. The whole set of the exact BA wave
functions, spectra and the associated BA equations were
obtained by Yang in 1967 [31].
The universal properties of the system can be derived
from the thermodynamic Bethe ansatz (TBA) equations
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FIG. 2. (color online) (a) Charge and spin velocities v.s. mag-
netic field for c = 1, µ˜ = 0.3 and H˜c = 0.1606. At the QCP,
the spin velocity square-root-H-dependence vanishes, whereas
the charge velocity reaches the free Fermi velocity at the QCP.
which, for the repulsive Fermi gas, are given by [3–5]
ε(k) = k2 − µ− H
2
− T
∞∑
n=1
an ∗ ln[1 + e−φn(λ)/T ], (2)
φn(λ) = nH − Tan ∗ ln[1 + e−ε(k)/T ]
+ T
∞∑
m=1
Tmn ∗ ln[1 + e−φm(λ)/T ] (3)
where ∗ denotes the convolution, ε(k) and φn(λ) are the
dressed energies for the charge and the length-n spin
strings, respectively, with k’s and λ’s being the rapidities;
the integral kernel an(k) =
1
2pi
nc
(nc)2/4+k2 , and the func-
tions Tmn are given in Refs. [5, 10] (also see Supplemental
Material [36] for more detail). Once ε(k) is obtained, we
can calculate the pressure, which can be regarded as the
equation of state, as p = T2pi
∫∞
−∞ ln[1+ e
−ε(k)/T ]dk, from
which all other thermodynamic quantities of interest can
be obtained [36]. Here the key observation is that the
TBA equations (2) and (3) reveal the full spin and ther-
mal fluctuations controlled by the interplay between spin
and charge, i.e. the second term in the dressed energy
φn(λ). The lengths of the spin strings characterize the
fractional excitations and the critical behaviour of the
model at different temperature regimes.
Phase diagram and spin-charge separation — Based
on the configurations of spin orientations, the ground
state phase diagram of a 1D repulsive Fermi gas in the
µ-H plane contains three phases: vacuum, a mixed phase
(MP) and a fully-polarized (FP) phase. The Wilson ra-
tio (WR), defined as RχW =
4
3
(
pikB
gµB
)2
χ
cV /T
, where χ
is the magnetic susceptibility and cV the specific heat,
captures the essence of the quantum liquid [14, 37, 38].
This ratio becomes temperature-independent in the TLL
regime, while it displays a universal scaling behaviour
in the vicinity of the quantum critical point, signaling a
3breakdown of the TLL. We show that the WR elegantly
marks the low-temperature phase diagram, as can be seen
in Fig. 1, and characterizes the TLL of spinons via the
following relation [36]
RχW =
2vc
vs + vc
Ks. (4)
Here the Luttinger parameter Ks = 1 at critical point
and Ks < 1 in the MP phase. R
χ
W = 1 for the FP
phase. For the MP phase, we have RχW < 2, where the
spin and the charge degrees of freedom dissolve into two
separate TLLs with different speeds of propagation vs
and vc, respectively.
The spin-charge separation phenomenon for the Fermi
gas describes a splitting of low-energy excitations in the
spin and the charge sectors. Due to the limited capabili-
ties to control interaction, spin density and temperature,
unambiguously identifying the spin-charge separation is
extremely challenging. Next, we derive rigorous results
of spin-charge separation by means of the TBA equations
(2) and (3) near and far from the quantum critical point
(QCP) that separates the MP and the FP phases.
Throughout the MP phase with H < Hc, where Hc is
the critical field for a fixed chemical potential (Fig. 1),
we rigorously show [36] that the pressure can, in general,
be given by
p− p0 = piT
2
6
(
1
vc
+
1
vs
)
, (5)
where p0 is the pressure at T = 0 and the charge and
spin velocities are given by
vc =
tc
2piρc(k0)
, vs =
ts
2piρs(λ0)
, (6)
respectively, with ρc,s being the distribution functions at
the Fermi points k0 and λ0 for the charge and the spin
sector, (i.e., the points at which the dressed energies van-
ish), respectively; and tc and ts are the respective linear
slopes of the dispersion at the Fermi points. More detail
is given in the Supplemental Material [36]. In Fig. 2, we
show how vc and vs vary as functions of the external field
H for a fixed chemical potential. We observe that vs de-
creases asH increases and vanishes at the critical fieldHc
where the system enters from the MP to the FP phase,
whereas vc is an increasing function of H and approaches
the free Fermi velocity in FP. In this region, the length-1
spin string pattern dominates the spin-charge separated
liquids. The spin sector is gapped in the FP phase. Here
the specific heat is given by cV =
piT
3
(
1
2
√
µc+H/2
)
, show-
ing the behavior of a single-component TLL of charge.
Quantum criticality and disrupted liquids — Under-
standing quantum criticality of interacting particles and
the disrupted Luttinger liquid provide a rich paradigm
for many-body physics. In contrast to the spinless Bose
FIG. 3. (color online) Phase diagram in the T˜ -H˜ plane: con-
tour plot of specific heat. We set the dimensionless chemical
potentials µ˜ = 2.5, H˜c = 2.9145. The black dashed lines de-
note the peak positions of specific heat, and the dot-dashed
line shows the boundary of the linear T dependence of spe-
cific heat. The crossover regions between QC and the TLL
are labelled as COR1 and COR2.
gases [21], various ordered and disordered states in the
Fermi gas (S1) occur at low temperatures. The inter-
play between the spin and the charge degrees of freedom
dramatically alters the critical behaviour of the system.
Using the TBA equations (2) and (3), we can obtain the
universality class of quantum criticality encoding such
an interplay. At zero temperature, the phase transition
occurs in the spin sector, i.e., the vanishing of a linear
dispersion of spins. At finite temperatures, a quantum
critical region (QC) fans out from the critical point, form-
ing a critical cone in the T˜ -H˜ plane, see Fig. 3. In the
QC region, all thermodynamic quantities can be cast into
universal scaling forms. Through an expansion of the
length-1 spin string dressed energy equation (2) and (3)
in terms of the rapidity λ up to order O(λ2) at low tem-
peratures, we can obtain the universal scaling function
for the pressure [39]
p− p0 =


−gT 3/2 Li 3
2
(
−e s0∆HT
)
, for µ = µc,
−gT 3/2 Li 3
2
(
−e r0∆µT
)
, for H = Hc,
(7)
where ∆H = Hc − H , ∆µ = µc − µ, g = arctan(2k0/c)pi3/2√a ,
s0 = 1− 1pi arctan
(
2
ck0
)
, r0 = − 2pi arctan
(
2
ck0
)
and a is a
constant determined by the critical chemical potential µc
and the critical magnetic field Hc. Here the Fermi mo-
mentum k0 =
√
µc +Hc/2 is obtained from the charge
dressed energy condition ε(k0) = 0. The background
pressure
p0 =


piT 2
6
√
µc+H/2
+ 23pi (µc +H/2)
3/2
, for µ = µc,
piT 2
6
√
µ+Hc/2
+ 23pi (µ+Hc/2)
3/2
, for H = Hc,
(8)
4mainly reflects the regular part at quantum critical-
ity. The correlation and dynamic critical exponents
ν = 1/2 and z = 2 are respectively read off by com-
paring Eq. (7) with the universal scaling form p − p0 =
gT
1
z+1G
(
s0∆H
T 1/νz
, r0∆µ
T 1/νz
)
. These exponents also determine
the two critical temperatures of the QC region T ∗l =
α1|H−Hc|νz and T ∗r = α2|H−Hc|, indicated by the two
black dashed lines in Fig. 3. Here α1,2 = s0/y1,2 with
y1 = −1.5629, y2 = 3.6205 are constants [39]. Build-
ing on the exact scaling form of the pressure (7), scal-
ing functions of other thermodynamic quantities, such
as magnetization, susceptibility, density, compressibility,
and specific heat, can be evaluated in a straightforward
way using standard statistical relations [39].
Theoretical perspectives of disrupted liquids beyond
the Luttinger liquid still lacks a rigorous understanding.
The interplay between the spin and the charge degrees of
freedom leads to large deviations from the linear disper-
sion in both the spin and the charge sectors and to the
disruption of the TLL in the crossover region, labelled
as COR1 and COR2 in Fig. 3. In the crossover region
COR1, we observe from p0 in (8) that the TLL nature
only remains in the charge sector, while the spin sector
becomes free fermion-like. These CORs reveal a coexis-
tence of liquid and gas-like states, more details see [39].
Effective spin chain and dynamic structure factor —
The dynamic structure factor (DSF) provides a powerful
way of probing a many-body system. The charge DSF in
a 1D repulsive Fermi gas has been recently measured [22,
41] using the technique of Bragg spectroscopy [42, 43],
where the key feature of free Fermi liquid was observed
in the DSF and the speed of sound in the charge sector
was measured. The charge DSF of a free homogeneous
Fermi gas is already known to be [44]
S(q, ω) =
Imχ(q, ω, kF , T,N)
pi(1− e−β~ω) . (9)
For a strongly interacting Fermi gas, we assume as was
done in the analysis presented in Ref.[22] that the interac-
tion only shifts the Fermi point from kF to kc = mvc/~.
As a consequence, it will move the resonance position
from ω = vF q to ω = vcq in the excitation spectrum.
Taking the setting for a gas of spin-balanced 6Li with
particle number N = 60, several different values of inter-
action strength at temperature T = 120 nk, tube length
L = 10 µm, and q = 1.47µm−1 ≈ 0.2kF [22, 41], we
demonstrate in Fig. 4(a) the Bragg spectrum as a func-
tion of Bragg frequency. The peak frequency of the DSF
signal is plotted in Fig. 4(b) as a function of γ, from which
we can read off the peak velocity defined as the ratio of
peak frequency and q. As Fig. 4(b) demonstrates, this
peak velocity is very close to the charge sound velocity.
This points out a straightforward way of extracting the
charge velocity from the measured DSF in experiments.
Our results on charge velocity and its dependence of the
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FIG. 4. (color online) Normalized charge and spin DSF’s of
a homogeneous Fermi gas with parameters corresponding to
these of [22]: length L = 10 µm, particle numbers N = 60,
temperature T = 120 nk, and various interaction strengths
as = 400a0, 500a0, 600a0, 700a0. Here as is the 3D scatter-
ing length, which is related to the 1D interaction strength by
c = −2~2/ma1D with a1D =
(
−a2⊥/2as
)
[1− C (as/a⊥)][1].
In converting to dimensional quantities, we have assumed the
atoms are 6Li with transverse harmonic confinement ω⊥ =
(2pi)198 kHz. (a) Normalized charge DSF [Eq. (9)] vs. Bragg
frequency ω/2pi at q = 1.47µm−1. (b) The empty circles de-
note the peak frequency of each spectrum vs. γ = c/n. The
corresponding peak charge velocity ω/q is given by the right
axis. The dashed line is the charge sound velocity obtained
from TBA. (c) Normalized spin DSF [Eq. (10)] vs. Bragg
frequency ω/2pi at δk = 1.47µm−1. (d) The empty circles de-
note the peak frequency of each spectrum vs. γ = c/n. The
corresponding peak spin velocity ω/δk is given by the right
axis. Stars are spin sound velocity obtain from the TBA.
interaction strength are consistent with the experimental
measurement and analysis reported in Ref. [22]. A closer
comparison with the experiment, which includes the ef-
fect of a harmonic trapping potential, can be found in
Ref. [39].
We now extend a similar investigation to the spin sec-
tor. To this end, expanding the TBA equations (2) and
(3) with interaction strength up to orderO(1/c), we show
a hidden Heisenberg spin-1/2 chain with an antiferromag-
netic exchange coupling J = p˜(H˜, T˜ ) = p(H,T )/|c|3 in
the spin sector [10]. The spin DSF of the Fermi gas is as-
sociated with the spin-spin correlation described by this
effective Heisenberg spin chain. Near the Fermi momen-
tum with wave number k = pi/a+ δk with the the lattice
constant a = L/N , the spin DSF is given by [7, 45]
S(δk, ω) =
1
1− e−β~ω
ALL
kBT
Im
[
ρ
(
~ω + vs~δk
4pikBT
)
×ρ
(
~ω − vs~δk
4pikBT
)]
, (10)
where ρ(x) = Γ(1/4 − ix)/Γ(3/4 − ix), and vs = piJ/2
is the spin velocity of the spin chain which can also be
5obtained from the second equation of (6) in the strong
interaction limit. Also, ALL = −c2⊥α/2 is a constant
with the length scale parameter α and a constant factor
c⊥. With the same setting for the above charge DSF, we
show in Fig. 4(c) and (d) the spin DSF signal and the
spin peak velocity read off from its peak positions. As
Fig. 4(d) shows, unlike in the charge case, here the peak
velocity does not coincide with the spin sound velocity
due to the peculiar feature of the two-spinon excitation
near k = pi/a [36]. However, both the spin peak and the
sound velocities are almost linearly decreasing functions
of γ, in contrast to the charge velocity dependence on
γ. This is a clear and unambiguous demonstration of
the spin-charge separation. The fractional excitations
beyond the two-spinon DSF (10) involve length-n spin
strings (high order spinon process) in the spin imbalanced
Fermi gas, see the TBA (2) and (3). We plan to provide
a thorough study of this property in the future.
In summary, we have presented universal properties of
the spin-charge separation and disrupted liquids at and
off quantum criticality. The emergent liquid and gas-like
quantum phases near QCP show a subtle interplay be-
tween the spin and charge degrees of freedom. The uni-
versal scaling functions, the crossover temperatures, as
well as the DSFs and velocities of spin and charge deeply
reveal the essence of the separated TLLs and beyond the
spin-charge separation paradigm.
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SUPPLEMENTARY MATERIAL: SPIN-CHARGE SEPARATED AND DISRUPTED LIQUIDS:
UNIVERSAL PROPERTIES
Feng He, Yu-Zhu Jiang, Hai-Qing Lin, Han Pu, Thierry Giamarchi, Randy Hulet, Xiwen Guan
YANG-GAUDIN MODEL AND BETHE ANSATZ EQUATIONS
The Hamiltonian of the 1D δ-function interacting Fermi gas reads
H = − ~
2
2m
N∑
i=1
∂2
∂x2i
+ 2c
∑
1≤i<j≤N
δ(xi − xj)−HM − µN, (S1)
where N = N↑+N↓ is the total number of particles, M = (N↑−N↓)/2 is the magnetization with N↑ spin-up fermions
and N↓ spin-down fermions, H is the external magnetic field and µ is the chemical potential. The system is confined
in a region with length L and periodic boundary condition is assumed. Here we consider the repulsive interaction, i.e.
c > 0. In the above Hamiltonian, the coupling constant c = −2~2/ma1D is determined by the 1D scattering length,
given by a1D =
(−a2⊥/2as) [1− C (as/a⊥)][1]. In the following analysis we take ~ = 1, n = N/L = 1 and 2m = 1,
which defines our dimensionless unit system.
The Bethe ansatz equations (BAE) for the repulsive Fermi gas with the periodic boundary condition are given by
[2]
eikjL =
M∏
α=1
kj − λα + ic/2
kj − λα − ic/2 , j = 1, 2, · · · , N, (S2)
N∏
j=1
λα − kj + ic/2
λα − kj − ic/2 = −
M∏
β=1
λα − λβ + ic
λα − λβ − ic , α = 1, 2, · · · ,M. (S3)
For repulsive interactions, the BAE do not admit complex roots in the charge degree of freedom kj , whereas in the
spin sector, the spin string states are given by
λn,jα = λ
n
α +
ic
2
(n+ 1− 2j), j = 1, 2, · · · , n, (S4)
which are called the length-n spin strings. Using this string hypothesis and the Yang-Yang approach, Lai [3, 4] and
Takahashi [5] derived the thermodynamic Bethe ansatz (TBA) equations, which will be used for the study of the
thermodynamics of the model. The TBA equations for the 1D repulsive Fermi gas are given by
ε(k) = k2 − µ− H
2
− T
∞∑
n=1
an ∗ ln[1 + e−φn(λ)/T ] (S5)
φn(λ) = nH − Tan ∗ ln[1 + e−ε(k)/T ] + T
∞∑
m=1
Tmn ∗ ln[1 + e−φm(λ)/T ], (S6)
where
an(k) =
1
2pi
nc
(nc)2/4 + k2
.
and
Tmn(λ) =
{
a|n−m|(λ) + 2a|n−m|+2(λ) + · · ·+ 2am+n−2(λ) + am+n(λ) for m 6= n
2a2(λ) + 2a4(λ) + · · ·+ 2a2n−2(λ) + a2n(λ) for m = n
. (S7)
The pressure is given by
p =
T
2pi
∫ ∞
−∞
ln[1 + e−ε(k)/T ]dk , (S8)
1
from which all the thermal and magnetic quantities can be derived according to the standard statistical relations.
At low temperatures, T ≪ EF , we can safely neglect the contributions from the high strings and just retain the
leading length-1 string in the TBA equations. Under such an approximation, the low temperature TBA equations
become
ε(k) = k2 − µ− H
2
− Ta1 ∗ ln[1 + e−φ1(λ)/T ], (S9)
φ1(λ) = H − Ta1 ∗ ln[1 + e−ε(k)/T ] + Ta2 ∗ ln[1 + e−φ1(λ)/T ]. (S10)
When temperature T → 0, the TBA equations further reduce to
ε0c(k) = k
2 − µ−H/2 +
∫ λ0
−λ0
a1(k − λ)φ0s(λ)dλ, (S11)
φ0s(λ) = H +
∫ k0
−k0
a1(λ− k)ε0c(k)dk −
∫ λ0
−λ0
a2(λ− λ′)φ0s(λ′)dλ′. (S12)
The pressure for zero temperature is given by
p = − 1
2pi
∫ k0
−k0
ε0c(k)dk, (S13)
where k0 and λ0 are zero points of dressed energies ε and φ in charge and spin sectors, respectively.
For H = 0, the zero temperature TBA equation will be further simplified as
ε0c(k) = k
2 − µ+
∫ ∞
−∞
a1(k − λ)φ0s(λ)dλ, (S14)
φ0s(λ) =
∫ k0
−k0
s(λ − k)ε0c(k)dk, (S15)
where s(λ) = 1/(2c cosh(piλ/c)).
ADDITIVITY RULE OF SPIN-CHARGE SEPARATION
Here we will derive analytically the additivity rule of spin-charge separation, as manifested in Eq. (5) of the main
text.
At low temperatures, the length-1 string TBA equations can be rewritten as
ε(k) = ε0c(k) + η(k), (S16)
φ1(λ) = φ
0
s(λ) + γ(λ), (S17)
where η(k) and γ(λ) are small corrections to the zero temperature charge and spin dressed energies, respectively. The
exact expression of the correction η(k) can be evaluated by rewriting charge dressed energy as
ε(k) = k2 − µ− H
2
− T
∫ ∞
−∞
a1(k − λ) ln(1 + e−
φ1(λ)
T )dλ
= k2 − µ− H
2
− T
∫ ∞
−∞
a1(k − λ) ln(1 + e−
|φ1(λ)|
T )dλ +
∫ λ0
−λ0
a1(k − λ)φ1(λ)dλ
= k2 − µ− H
2
− T
∫ ∞
−∞
a1(k − λ) ln(1 + e−
|φ1(λ)|
T )dλ +
∫ λ0
−λ0
a1(k − λ)(φ0s(λ) + γ(λ))dλ
= ε0c(k)− T
∫ ∞
−∞
a1(k − λ) ln(1 + e−
|φ1(λ)|
T )dλ+
∫ λ0
−λ0
a1(k − λ)γ(λ)dλ
= ε0c(k) + η(k) (S18)
2
Therefore one gets a new equation
η(k) = −T
∫ ∞
−∞
a1(k − λ) ln(1 + e−
|φ1(λ)|
T )dλ+
∫ λ0
−λ0
a1(k − λ)γ(λ)dλ (S19)
Similarly, we repeat the similar calculation in the spin dressed energy equation, namely,
φ1(λ) = H − T
∫ ∞
−∞
a1(λ− k) ln(1 + e−
ε(k)
T )dk + T
∫ ∞
−∞
a2(λ− λ′) ln(1 + e
φ1(λ
′)
T )dλ′
= H − T
∫ ∞
−∞
a1(λ− k) ln(1 + e−
|ε(k)|
T )dk +
∫ k0
−k0
a1(k − λ)ε(k)dk
+ T
∫ ∞
−∞
a2(λ− λ′) ln(1 + e
|φ1(λ
′)|
T )dλ′ −
∫ λ0
−λ0
a2(λ− λ′)φ1(λ′)dλ′
= H − T
∫ ∞
−∞
a1(λ− k) ln(1 + e−
|ε(k)|
T )dk +
∫ k0
−k0
a1(k − λ)(ε0c(k) + η(k))dk
+ T
∫ ∞
−∞
a2(λ− λ′) ln(1 + e
|φ1(λ
′)|
T )dλ′ −
∫ λ0
−λ0
a2(λ− λ′)(φ0s(λ′) + γ(λ′))dλ′
= φ0s(λ) − T
∫ ∞
−∞
a1(λ− k) ln(1 + e−
|ε(k)|
T )dk + T
∫ ∞
−∞
a2(λ− λ′) ln(1 + e
|φ1(λ
′)|
T )dλ′
+
∫ k0
−k0
a1(k − λ)η(k)dk −
∫ λ0
−λ0
a2(λ− λ′)γ(λ′)dλ′
= φ0s(λ) + γ(λ). (S20)
Thus we have
γ(λ) = −T
∫ ∞
−∞
a1(λ− k) ln(1 + e−
|ε(k)|
T )dk + T
∫ ∞
−∞
a2(λ− λ′) ln(1 + e
|φ1(λ
′)|
T )dλ′
+
∫ k0
−k0
a1(k − λ)η(k)dk −
∫ λ0
−λ0
a2(λ− λ′)γ(λ′)dλ′.
(S21)
The charge and spin dressed energies can be expanded at the Fermi points k0 and λ0
ε(k) = tc(k − k0), tc = dε(k)
dk
∣∣∣∣
k=k0
,
φ1(λ) = ts(λ − λ0), ts = dφ1(λ)
dλ
∣∣∣∣
λ=λ0
, (S22)
where only the linear terms in the expansion are retained.
To expand the charge and spin dressed energies (S19) and (S21) at the critical points, one can directly obtain
η(k) = −pi
2T 2
6ts
[a1(k − λ0) + a1(k + λ0)] +
∫ λ0
−λ0
a1(k − λ)γ(λ)dλ, (S23)
γ(λ) = −pi
2T 2
6tc
[a1(λ− k0) + a1(λ+ k0)] + pi
2T 2
6tc
[a1(λ− λ0) + a1(λ+ λ0)]
+
∫ k0
−k0
a1(k − λ)η(k)dk −
∫ λ0
−λ0
a2(λ− λ′)γ(λ′)dλ′ (S24)
which can also be written as
η(k) = η0(k) +
∫ λ0
−λ0
a1(k − λ)γ(λ)dλ, (S25)
γ(λ) = γ0(λ) +
∫ k0
−k0
a1(k − λ)η(k)dk −
∫ λ0
−λ0
a2(λ− λ′)γ(λ′)dλ′, (S26)
3
where we defined η0 and γ0 as
η0(k) = −pi
2T 2
6ts
[a1(k − λ0) + a1(k + λ0)] ,
γ0(λ) = −pi
2T 2
6tc
[a1(λ− k0) + a1(λ+ k0)] + pi
2T 2
6ts
[a1(λ − λ0) + a1(λ+ λ0)] . (S27)
Under a similar approximation, the pressure reduces to the following form
p =
T
2pi
∫ ∞
−∞
ln[1 + e−
ε(k)
T ]dk =
T
2pi
∫ ∞
−∞
ln[1 + e−
|ε(k)|
T ]dk − 1
2pi
∫ k0
−k0
ε(k)dk
=
T
2pi
∫ ∞
−∞
ln[1 + e−
|ε(k)|
T ]dk − 1
2pi
∫ k0
−k0
(ε0c(k) + η(k))dk
= p0 +
T
2pi
∫ ∞
−∞
ln[1 + e−
|ε(k)|
T ]dk − 1
2pi
∫ k0
−k0
η(k)dk
= p0 +
piT 2
6tc
− 1
2pi
∫ k0
−k0
η(k)dk. (S28)
Using the spin and charge densities
ρc(k) =
1
2pi
+
∫ λ0
−λ0
a1(k − λ)ρs(λ)dλ, (S29)
ρs(λ) =
∫ k0
−k0
a1(λ− k)ρc(k)dk −
∫ λ0
−λ0
a2(λ− λ′)ρs(λ′)dλ′, (S30)
and the expressions (S25) and (S26), we then multiply (S25) with (S29) and integrate with k
1
2pi
∫ k0
−k0
η(k)dk +
∫ k0
−k0
∫ λ0
−λ0
a1(k − λ)η(k)ρs(λ)dkdλ =
∫ k0
−k0
η0(k)ρc(k)dk +
∫ k0
−k0
∫ λ0
−λ0
a1(k − λ)γ(λ)ρc(k)dkdλ.
(S31)
Substituting (S26) and (S30) to the right hand side (r.h.s) of above equation (S31), then we have
r.h.s =
∫ k0
−k0
η0(k)ρc(k)dk +
∫ λ0
−λ0
[
ρs(λ) +
∫ λ0
−λ0
a2(λ− λ′)ρs(λ′)dλ′
]
γ(λ)dλ
=
∫ k0
−k0
η0(k)ρc(k)dk +
∫ λ0
−λ0
ρs(λ)γ
0(λ)dλ +
∫ λ0
−λ0
∫ k0
−k0
a1(k − λ)η(k)ρs(λ)dλdk
−
∫ λ0
−λ0
∫ λ0
−λ0
a2(λ− λ′)γ(λ′)ρs(λ)dλdλ′ +
∫ λ0
−λ0
∫ λ0
−λ0
a2(λ− λ′)γ(λ)ρs(λ′)dλdλ′. (S32)
Comparing the left hand side of (S31) with (S32) gives the following relation
1
2pi
∫ k0
−k0
η(k)dk =
∫ k0
−k0
η0(k)ρc(k)dk +
∫ λ0
−λ0
γ0(λ)ρs(λ)dλ. (S33)
Using the explicit expression (S27), we obtain
1
2pi
∫ k0
−k0
η(k)dk = −pi
2T 2
6ts
∫ k0
−k0
[a1(k − λ0) + a1(k + λ0)] ρc(k)dk − pi
2T 2
6tc
∫ λ0
−λ0
[a1(λ− k0) + a1(λ+ k0)] ρs(λ)dλ
+
pi2T 2
6ts
∫ λ0
−λ0
[a1(λ− λ0) + a1(λ + λ0)] ρs(λ)dλ
= −pi
2T 2
6ts
(2ρs(λ0))− pi
2T 2
6tc
(2ρc(k0)− 1
pi
)
= −pi
2T 2
3ts
ρs(λ0)− pi
2T 2
3tc
ρc(k0) +
piT 2
6tc
. (S34)
4
In the derivation above, the symmetric property of density equations are used. To see this clearly, we show the density
symmetry relations below. For the charge part, at Fermi point k0,
ρc(k0) =
1
2pi
+
∫ λ0
−λ0
a1(k0 − λ)ρs(λ)dλ, (S35)
ρc(−k0) = 1
2pi
+
∫ λ0
−λ0
a1(−k0 − λ)ρs(λ)dλ. (S36)
Moreover, (S36) can also be rewritten as
ρc(k0) =
1
2pi
+
∫ λ0
−λ0
a1(k0 + λ)ρs(λ)dλ. (S37)
since the charge density is an even function of k.
Summing up the two equations (S35) and (S37), we obtain∫ k0
k0
[a1(k0 − λ) + a1(k0 + λ)]ρs(λ)dλ = 2ρc(k0)− 1
pi
. (S38)
A similar calculation can be applied to the spin density
ρs(λ0) =
∫ k0
−k0
a1(λ0 − k)ρc(k)dk −
∫ λ0
−λ0
a2(λ0 − λ′)ρs(λ′)dλ′, (S39)
ρs(−λ0) =
∫ k0
−k0
a1(−λ0 − k)ρc(k)dk −
∫ λ0
−λ0
a2(−λ0 − λ′)ρs(λ′)dλ′. (S40)
We further rewritten the last equation as
ρs(λ0) =
∫ k0
−k0
a1(λ0 + k)ρc(k)dk −
∫ λ0
−λ0
a2(λ0 + λ
′)ρs(λ′)dλ. (S41)
Finally, we obtain∫ k0
−k0
[a1(λ0 − k) + a1(λ0 + k)]ρc(k)dk −
∫ λ0
−λ0
[a2(λ0 − λ′) + a2(λ0 + λ′)]ρs(λ′)dλ = 2ρs(λ). (S42)
According to (S38), (S42) and the relation (S34), the pressure is given by
p− p0 = piT
2
6tc
− 1
2pi
∫ k0
−k0
η(k)dk
=
piT 2
6tc
+
pi2T 2
3ts
ρs(λ0) +
pi2T 2
3tc
ρc(k0)− piT
2
6tc
=
pi2T 2
3ts
ρs(λ0) +
pi2T 2
3tc
ρc(k0). (S43)
By definition, the charge and the spin velocities read [6]
vc =
tc
2piρc(k0)
, vs =
ts
2piρs(λ0)
(S44)
that give the low temperature correction to the pressure as
p− p0 = piT
2
6
(
1
vc
+
1
vs
)
. (S45)
which is Eq. (5) in the main text. This represents a rigorous proof of the additivity rule of the leading temperature
contributions to the free energy (or pressure). These corrections reflect the characteristic linear dispersion in the spin
and the charge degrees of freedom. The specific heat can be obtained readily as
cV =
piT
3
(
1
vc
+
1
vs
)
. (S46)
The expressions of the pressure and the specific heat show the universal low temperature thermodynamics in terms
of two separated degrees of freedom: the spin and the charge.
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FIG. S1. (a) Normalized spin DSFs of a homogeneous tube with several different values of interaction strengths at T = 120 nk.
(b) Peak frequency (left vertical axis) of each spectrum vs. the effective interaction strength γ = c/n, the right vertical axis
indicates the peak spin velocity defined as the ratio of the peak frequency and the momentum transfer δk. (c) The peak spin
velocities and the BA spin velocities, and the BA spin velocities are used in the expression (10) and obtained by solving TBA
equations. (d) The ratio of the peak velocity over BA velocity vpeak/vBA vs. temperature T at different interaction strengths.
The inset zooms in the ratio at low temperatures.
EXTRACTING THE SPIN VELOCITY FROM DYNAMIC STRUCTURE FACTOR
The linear dispersion of spinons in long wave limit can be well discriebed by Tommanaga-Luttinger liquid theory.
At finite temperatures, near the wave vector k = 0, pi, the spin DSF in the spin chain was obtained by the TLL theory
[7]. Explicitly, around k = pi/a+ δk with the the lattice constant a = L/N , it is given by
S(δk, ω) =
1
1− eβ~ω
ALL
kBT
Im
[
ρ
(
~ω + vs~δk
4pikBT
)
ρ
(
~ω − vs~δk
4pikBT
)]
, (S47)
where ρ(x) = Γ(1/4− ix)/Γ(3/4− ix), vs = (pi/2)J for spin chain. ALL = −c2⊥α/2 is a constant with the length scale
parameter α and constant factor c⊥. It is worth noting that this form of DSF is valid only for the linear dispersion
of spinons.
Fig. S1(a) plots the spin dynamic structure factors (DSFs) versus Bragg frequency, which is reproduced from
Fig. 4(c) of the main text. In converting from the dimensionless units to real units, we have assumed a system of
spin-balanced 6Li atoms with total atom number N = 60, confined in a homogeneous tube with length L = 10µm,
and transverse harmonic trap with trapping potential ω⊥ = (2pi) 198kHz, at temperature T = 120nK. The momentum
transfer for calculating the DSF is taken to be δk = 1.47 (µm)−1 In the figure, we have included curves corresponding to
4 different values of interaction strength characterized by the 3D scattering length as 400a0, 500a0, 600a0, and 700a0,
which correspond to a dimensionless effective interaction strength γ = c/n =2.20, 2.98, 3.91, and 5.03, respectively.
Fig. S1(b) shows the peak frequencies and peak velocities which are read off from the charge DSFs’ peak positions as
functions of γ. Here the peak velocity is define as peak frequency/δk. Unlike in the case for the charge DSF, where
the peak velocity is nearly identical to the charge sound velocity, here the spin peak velocity is different from the spin
sound velocity as shown in Fig. S1(c). However, both velocities exhibit a similar dependence on γ. In Fig. S1(d), we
plot the ratio of the peak velocity and the spin sound velocity as a function of temperature. One can see that, this
ratio tends to 1 at T = 0 and increases as T increases. Such a plot can help experimentalists to extract the value of
the spin sound velocity from the measured spin DSF.
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